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Abstract

Starting from the early ideas on smeared-crack modelling of quasi-brittle materials (concrete, rock) as pioneered in
the late 1960s various refinements are discussed such as the shear retention factor, the tension-stiffening concept and the
tension-softening concept. Next, smeared-crack models are put in the unified context of damage mechanics together
with the multiple-smeared crack approach and the (closely) related microplane damage models. The concept of fracture
energy is introduced for tensile and compressive loadings and is also elaborated for reinforced concrete. A concise
summary is given of recent finite element concepts for cohesive-zone models (fracture energy models). © 2001 Elsevier
Science Ltd. All rights reserved.
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1. Introduction

Numerical modelling of plain and reinforced concrete started in the late 1960s with the landmark papers
of Rashid [1] and of Ngo and Scordelis [2] in which the smeared and discrete crack models were introduced.
Especially the first approach has gained much popularity, and in the 1970s comprehensive efforts were
invested in developing smeared-crack models which could reproduce the experimentally observed stress—
strain characteristics of concrete. Two major modifications were introduced, namely the so-called shear
retention factor [3], and the replacement of the sudden stress drop upon crack initiation by a descending
branch in the tensile stress—strain relation to represent the contribution of the stiffness of the concrete
between the cracks in reinforced applications (tension-stiffening).

In the early 1980s we have witnessed a number of important further developments. Firstly, there has
been the recognition, originally by Cope et al. [4], that the introduction of a shear retention factor causes
the principal stresses in a cracked integration point to rotate upon further loading. Moreover, in combi-
nation with a descending branch in the tensile stress—strain diagram, the major tensile stress may (easily)
exceed the tensile strength in another direction than the one normal to the crack if the crack is fixed in a
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certain direction. Without the use of a shear retention factor this cannot happen, and the importance of this
phenomenon has initially been overlooked when the shear retention factor was introduced.

Another most important issue was the recognition that plain concrete is not a perfectly brittle material in
the Griffith sense, but that it has some residual load-carrying capacity after reaching the tensile strength.
This experimental observation has led to the replacement of purely brittle crack models by tension-softening
models, in which a descending branch was introduced to model the gradually diminishing tensile strength of
concrete upon further crack opening. Such a descending branch also emerges in most tension-stiffening
models and much confusion has existed ever since about how to model tension-softening and tension-
stiffening in reinforced concrete in a rational manner.

The introduction of tension softening in crack models was also motivated on theoretical grounds. It was
observed that the use of strength models [5] or the straightforward use of strain-softening models led to an
unacceptable and unphysical mesh sensitivity [6,7]. A similar observation had been made for discrete crack
models, and probably motivated by the Dugdale-Barenblatt cohesive crack models [8,9], Hillerborg pro-
posed as early as in 1976 his landmark paper in which he introduced the Fictitious Crack Model [10], which
ensured a mesh-independent energy release upon crack propagation. Adapting this concept to smeared
formulations, Bazant and Oh [11] introduced the crack band model, in which the fracture energy intro-
duced by Hillerborg was smeared out over the width of the area in which the crack localises, for lower-order
elements typically equal to the width of one element.

During the 1980s some alternative approaches were also pioneered. Primarily driven by the French
school, damage mechanics concepts were used for modelling cracking in reinforced concrete [12,13], while
Bazant and co-workers adapted the early ideas of Batdorf and Budiansky [14] on metal plasticity to fracture
in concrete and rock and developed a class of microplane models [15,16]. Finally, Feenstra and de Borst
[17-19] formulated a class of plasticity theories geared towards describing cracking in concrete and rock,
with the principal aim to avoid the dual approach that in tension smeared-crack models were used, while in
compression plasticity theories were employed to describe crushing.

In this contribution, we shall first follow the historical developments of the smeared-crack models,
noting the merits and disadvantages of the various ideas and the propositions to remedy certain defi-
ciencies. Then, we will rigorously cast the smeared-crack models into a damage format and show that they
can be conceived as a special case of anisotropic damage models. Also, the relation with the microplane
models with a damage type stress—strain relation on a microplane will be elucidated. A consistent tangential
stiffness matrix is derived for use within Newton—Raphson algorithms in a finite element context.

In the second part of the paper, the issue of convergence of numerical computations towards a physically
realistic solution will be discussed. The concept of cohesive zones (fracture energy models), which has been
discussed briefly in the first part, is taken up and elaborated, also for compressive failure and for reinforced
concrete. The treatment includes a concise discussion of contemporary finite element concepts to embed
cohesive-zone models in smeared formulations.

2. Elementary smeared-crack concepts

Prior to cracking, quasi-brittle materials like concrete and rock can, for many purposes, be modelled
sufficiently accurately as isotropic, linear-elastic. For instance, in a two-dimensional state of stress we have

Ox 1 v 0 .
Oyy :m v 1 0 Eyy (1)
Guy 00 1/20=v)] |7y

When the major principal tensile stress exceeds the tensile strength or, in more generally, when the
combination of principal stresses violates a tension cut-off criterion, a crack is initiated perpendicular to the
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direction of the principal stress. This embodies that in a sampling point, where the stress, strain and history
variables are monitored, the isotropic stress—strain relation is replaced by an orthotropic law with the #, s-
axes the axes of orthotropy, where # is the direction normal to the crack (mode-I) and s refers to the di-
rection tangential to the crack (mode-II). In a first attempt the orthotropic relation can be defined as [1]:

Onn 0 0 0 Enn
Ogs =0 E O Ess (2)
Ons 0 0 O]y,

where the orthotropic stress—strain relation has been set up in the coordinate system that aligns with the
axes of orthotropy. Eq. (2) shows that both the normal stiffness and the shear stiffness across the crack are
set equal to zero upon cracking. As a consequence all effects of lateral contraction/expansion also disap-
pear.

If, for a plane-stress situation, 6,; = [0, 0y, am]T and &,; = [&u, &) y,,S]T, and the secant stiffness matrix
D}, is defined as

0 0 0
D=0 E O (3)
0 0 0

we can write the orthotropic elastic stiffness relation in the n, s-coordinate system as
Ops = Dzssns (4)

If we introduce ¢ as the angle from the x-axis to the n-axis, we can relate the components of ¢,, and a,, to
those in the global x, y-coordinate via the standard transformation matrices T, and T,:

&ps = TH(¢)£}C}* (5)
and
6,5 = To(P)oy, (6)

The local secant stiffness relation (4) then transforms into a secant stiffness relation in the global x, y-
coordinate system:

oy =T, (D, T.(¢)ey )

The special case that ¢ is fixed upon crack initiation, i.e. when the tension cut-off criterion is first reached, is
known as the fixed smeared-crack model. When we refer to this angle as ¢,, we have instead of Eq. (7),

Oy = T;I(d)o)DisTs(d’o)sxy (8)

Because of ill-conditioning, use of Eq. (2) may result in premature convergence difficulties. Also,
physically unrealistic and distorted crack patterns can be obtained, e.g. Ref. [3]. For this reason a reduced
shear modulus fG (0 < < 1) was reinserted in the model:

00 0
D,=|0 E 0 )
0 0 BG

The use of the so-called shear retention factor § not only reduces the numerical difficulties, but it also
improves the physical reality of fixed crack models, because it can be thought of as a model representation
of aggregate interlock. Most researchers simply adopt a constant shear retention factor (f=0.2 is a
commonly adopted value) but sometimes a crack-strain dependent factor is employed [20]. The latter
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option is more realistic since the capability of a crack to transfer shear stresses in mode-II decreases with
increasing crack strain.

The fact that the stiffness normal to the crack in Eq. (9) is set equal to zero involves a sudden drop of the
tensile stress from the initial tensile strength f; to zero upon crack initiation. Similar to the use of a zero
shear retention factor, this may cause numerical problems. Moreover, careful servo-controlled experiments
on plain concrete have shown that concrete is not a perfectly brittle material in the Griffith sense, but that it
has some residual load-carrying capacity after reaching the tensile strength. This experimental observation
has led to the replacement of purely brittle crack models by tension-softening models, in which a descending
branch was introduced to model the gradually diminishing tensile strength of concrete upon further crack
opening. In a smeared context, one can model this by inserting a normal reduction factor u in the secant
stiffness matrix:

w0 0
D=]0 E 0 (10)
0 0 pG

where, similar to the shear reduction factor f, the normal reduction factor x can be a function of the strain
normal to the crack: u = u(e,,). A final refinement is given by the addition of Poisson coupling after crack
formation. Then, we arrive at the mode-I crack band formulation of Bazant and Oh [11] extended with
mode-II shear retention:

HE vuE
) 1—v2u 12 0
DS = | wE E 11
ns -2 1= 0 ( )
0" 0" pG

Crack models as discussed in the preceding are based on total strain concepts. An injective relation is
assumed between the stress ¢ and the total strain &. This approach works well in many applications, but it
has some drawbacks. Firstly, it is impossible to properly combine cracking and other non-linear phe-
nomena (e.g., creep, shrinkage, thermal effects) when a total relation is adopted between stress and strain.
To overcome this difficulty de Borst and co-workers [21-23] have proposed a model in which the total strain
is additively decomposed into a concrete part £ and a crack part &:

e=1¢8"4¢&" (12)

The concrete strain can then be composed of an elastic contribution, a shrinkage contribution, a creep
contribution and so on. Similarly, the crack strain can be decomposed further, so that:

e = e (13)

where &{" is the strain owing to a primary crack, & is the strain owing to a secondary crack and so on.

In this fashion also another deficiency can be remedied of the smeared-crack model with a single crack.
In the elaboration of this model it has been assumed that upon violation of the tension cut-off the direction
of the crack plane is fixed. During subsequent loading shear strains may then arise along the crack plane,
which, in turn, will lead to a build-up of shear stresses over the crack plane. When a softening model is used
the residual normal stress that acts over a crack and the shear stress over that crack can cause the principal
stresses to exceed the tensile strength in the new principal direction, which is different from the direction
normal to the existing crack plane. Eq. (13) allows the initiation of a secondary crack, which thus remedies
the above anomaly.

Another way to achieve this goal is to depart from the concept that the crack direction is fixed upon
initiation. In this so-called rotating crack model, originally proposed by Cope et al. [4], the major principal
stress direction and the normal to the crack are aligned during the entire cracking process. The local n,
s-coordinate system is now the same coordinate system as that of the principal values of the stress tensor.
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Consequently, the shear stress g, is always zero. Thus, an explicit shear stiffness term as in the fixed crack
model is not possible in the rotating crack concept as a tangential shear stiffness term implicitly evolves
from the rotation of the principal stress axes.

In principle, the normal reduction factor u can be determined from a simple tensile test. However, a
straightforward translation from experimental data in an expression for u leads to results that are not
objective with regard to mesh refinement [6,7]. To overcome this problem, it has been proposed to consider
the fracture energy Gy as a basic material parameter. The fracture energy is defined as the amount of energy
needed to create one unit of area of a continuous crack and is the fundamental quantity that governs crack
propagation. This so-called ‘tension-softening’ model should not be confused with the ‘tension-stiffening’
model. Both models lead to ‘softening’, in the sense that they introduce a gradual decrease of the load-
carrying capacity, i.e. the tensile strength f;. However, the softening nature of the tension-softening model
originates from the gradual loss of integrity of concrete or rock in tension, whereas the tension-stiffening
model represents the stiffness contribution of concrete between the cracks to the composite material ‘re-
inforced concrete’.

3. A damage mechanics framework

So far, the treatment of smeared-crack models has been rather elementary. We will now present a more
formal treatment, which shows that the fixed and rotating smeared-crack models, but also microplane
models, can be conceived as a special case of (anisotropic) damage models.

The basic structure of constitutive models that are set up in the spirit of damage mechanics is simple. We
have a total stress—strain relation,

Gij = D?jk;(CIm; Wpp s anop7 .. -)'Skl (14)

where g;; is the stress tensor, ¢ is the strain tensor and Di is a secant stiffness tensor, which can depend on
a number of internal variables, like scalar-valued internal variables g,,, and tensor-valued internal variables
like @y, 2,m0p and so on. Relation (14) distinguishes itself from classical nonlinear elasticity by a history
dependence, which is incorporated via a loading—unloading function, f, which vanishes upon loading, and is
negative otherwise. For damage growth, f must remain zero for an infinitesimal period, so that we have the
additional requirement that / =0. The theory is completed by specifying the appropriate (material-

dependent) evolution equations for the internal variables.
3.1. Isotropic damage models

For the case of isotropic damage evolution, the total stress—strain relation (14) specialises as
oy = [(1 = 1)G(0udj + 0udju — (2/3)6:0u) + (1 — 02)K;;0k)em (15)

with G the virgin shear modulus and K the virgin bulk modulus, which are degraded by the scalar damage
variables w; and w,, respectively. A further simplification can be achieved if it is assumed that the secant
shear stiffness and bulk moduli, (1 — w;)G and (1 — w,)K, degrade in the same manner during damage
growth. Essentially, this means that Poisson’s ratio v remains constant throughout the damage process and
we have

o = (1 — 0)Dfeu (16)
with o the damage variable which grows from zero to one (at complete loss of integrity) and D, the

fourth-order elastic stiffness tensor. The total stress—strain relation (16) is again complemented by a damage
loading function f, which now reads: f = f'(¢, 6, k), with & and & scalar-valued functions of the strain and
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stress tensors, respectively, and k the only remaining scalar history variable. The damage loading function f
and the rate of the history variable, k, have to satisfy the discrete Kuhn-Tucker loading—unloading con-
ditions

£<0, =0, fik=0 (17)

In this contribution we consider the case that the damage loading function does not depend on 4. Then,

flE k) =E—x (18)
For metals a commonly accepted choice for & is [24]:

§= (1/2)8,-ijjk,sk, (19)

Eq. (19) is less convenient from the point of view that it does not reduce to the uniaxial strain for uniaxial
stressing. For this reason it is sometimes replaced by the modified expression

&= %SiJD?jklsk/ (20)
with E the virgin Young’s modulus. Expression (20) is represented graphically in the principal strain space
for plane-stress conditions in Fig. 1(a). In this figure, a scaling has been applied such that & = 1, while
v = 0.2. The dashed lines are uniaxial stress paths. The above energy release rate definition for & gives equal
weights to tensile and compressive strain components, which makes it unsuitable to describe the mechanical
behaviour of quasi-brittle materials like concrete and rock. To remedy this deficiency, Mazars and Pijau-
dier-Cabot [12,13] have suggested the definition

(1)

with ¢; the principal strains, and (g;) = ¢; if &; > 0 and (g;) = 0 otherwise. A contour plot for € = 1 is given in
Fig. 1(b). A third definition for the equivalent strain has been proposed by de Vree et al. [25]. This
proposition, which can be named a modified von Mises definition, is given by

k-1 1 [(k—1) 6k
f=e—— I +— I+ J 22
A(T—v)" 2k¢<1—2v>” (1+) >

with /; = ey the first invariant of the strain tensor and J, = e;e; the second invariant of the deviatoric
strain tensor e; = &; — (1/3)ew. The parameter k governs the sensitivity of the compressive strain com-
ponents relative to the tensile strain components. The definition of & is such that a compressive uniaxial
stress ko has the same effect as a uniaxial tensile stress o. The parameter k is therefore typically set equal to
the ratio of the compressive uniaxial strength and the tensile uniaxial strength: k = f./f;. A graphical
representation of the modified von Mises definition is given in Fig. 1(c) for £ = 10.

The history parameter « starts at a damage threshold level k, and is updated by the requirement that
during damage growth /= 0. Damage growth occurs according to an evolution law such that o = w(k),
which can be determined from a uniaxial test. For instance, for a linear elastic behaviour up to a peak
tensile strength f; = Fi, followed by a linear descending branch up to a strain x, at which the load-
carrying capacity is exhausted (and thus w = 1), the evolution law reads:

(k) = H (23)
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Fig. 1. Contour plots for ¢ for (a) the local energy release concept, (b) the Mazars definition, and (c) the modified von Mises definition
(after Ref. [45]).

3.2. Anisotropic damage models

While isotropic damage models have been used successfully for describing progressive crack propaga-
tion, their disadvantage is that possible compressive strut action is eliminated. This is a drawback especially
for the analysis of reinforced concrete members. Directional dependence of damage evolution can be in-
corporated by degrading the Young’s modulus E in a preferential direction. When, for plane-stress con-
ditions, distinction is made between the global x, y-coordinate system and a local n, s-coordinate system a
simple loading function in the local coordinate system would be

S (&nny k) = € — K (24)

with ¢,, the normal strain in the local n, s-coordinate system, subject to the standard Kuhn-Tucker
loading—unloading conditions. The secant stiffness relation now reads

6, =D} &, (25)

cf. Eq. (4), and D;, defined as
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(1—w))E (1—w) )VE 0
1—(1—w)v? 1—(1—w)v?
R— (1—w) )VE E
D"S lf(lflul)v2 I—(1—w)v? 0 (26)

0 (1 —wz)G

with o = w(x) and w, = w,(k). The factor 1 — w,; represents the degradation of the normal stiffness and
can be identified with the normal reduction factor u, while the factor 1 — w, represents the degradation of
the shear stiffness and can be identified with the shear retention factor f [3]. It is emphasised that because of
the choice of a preferential direction in which damage takes place, the damage variables @; and w, have an
entirely different meaning than those that were introduced in the basic isotropic formulation of Eq. (15).

With aid of the standard transformation matrices T, and T,, cf. Egs. (5) and (6) the damage loading
function (24) can be written in terms of the strain components &, ¢,, and 7,, of the global x, y-coordinate
system:

f = & cOS% ¢ + &, 8in° ¢ + 7 SIN P COS P — K (27)

Similarly, we obtain for the secant stress—strain relation instead of Eq. (25):
Oxy = T;] (#)D;, T.(9)ex (28)

Egs. (27) and (28) incorporate the traditional fixed crack model and the rotating crack model. The only
difference is that in the fixed crack model the inclination angle ¢ is fixed when the major principal stress first
reaches the tensile strength (¢ = ¢,), while in the rotating crack concept ¢ changes such that the n-axis
continues to coincide with the major principal stress direction. This difference has profound consequences
when deriving the tangential stiffness, especially with regard to the shear term.

The above framework also allows for incorporation of constitutive models that are based on the mi-
croplane concept. As an example we shall consider a microplane model based on the so-called kinematic
constraint, which implies that the normal and tangential strains on a microplane that is labelled «, can be
derived by a simple projection of the global strains &,, similar to Eq. (5):

8:8 = Ts(d)l)aw (29)
The stresses on this microplane can be derived in a fashion similar to Eq. (25):
0, = D& (30)

with D given by

D’ = 0 0 0 (31)
0 0 (1-owb)Er

where the initial stiffness moduli Ey and Et are functions of the Young’s modulus, the Poisson’s ratio and a
weight parameter, e.g. Ref. [16]. The damage parameters w%, and o} for the normal stiffness and the shear
stiffness are functions of the history parameters % and x% in a standard fashion: o} = o} (k%) and
w4 = w4 (x%). The main departure from the fixed crack model as outlined above is the fact that we need two
damage loading functions on microplane o

fi=a, =1 (32)

and

ST =7 (33)
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each subject to the standard Kuhn-Tucker loading—-unloading conditions. Finally, the stresses in the global
x, y coordinate system are recovered by summing over all the microplanes and by transforming them in a
standard fashion according to Eq. (6). With Eqgs. (29) and (30) we finally arrive at

B0 = > W, DT Y
o=1

with n the chosen number of microplanes and w” the weighting factors.

Attention is drawn to the fact that the second row of D’ consists of zeros. This is because in the mi-
croplane concept only the normal stress and the shear stress are resolved on each microplane. The normal
stress parallel to this plane therefore becomes irrelevant. Furthermore, attention is drawn to the fact that
here we use a relatively simple version of the microplane model, namely one in which no splitting in volu-
metric and deviatoric components is considered [15]. Nevertheless, more sophisticated microplane models,
e.g. Ref. [16], which incorporates such a split, can be captured by the same formalism [26]. It is finally noted
that the microplane is very similar to the multiple fixed-crack model [21,22], except for the fact that the
multiple fixed-crack model has been formulated in terms of a strain decomposition.

For the fixed crack model, differentiation of Eq. (28) yields the tangential stress—strain relation needed in
an incremental-iterative procedure which utilises the Newton—-Raphson method:

6o =T, () (D}, — AD,)T.(By ) (35)
with D} given by Eq. (26) and
di 0 0
AD,,S = lel 0 0 (36)
d; 0 0
with
0w, Ok E(gu + vey)
dll = A P
oK a‘gnn (1 — (1 — (,O])Vz)
and
aa)z oK
dy = o gnn Vs

with 0k /Q¢,, = 1 upon loading and zero otherwise. We observe that the local material tangential stiffness
matrix D} — AD,, generally becomes non-symmetric.

In the rotating smeared crack model the local coordinate system of the crack and the principal axes of
stress and strain coincide throughout the entire deformation process, which, as discussed, implies that the
secant stiffness matrix D} relates principal stresses to principal strains, and that a secant shear stiffness

becomes superfluous. Consequently, there is only one remaining damage parameter, w; = w, and we have

(1—w)E (1—w)vE 0
I-(1—o)?  1-(1-0)?
S — (1-w)VE E
D"‘Y 1—(1-w)y? 1—(1—w)? 0 (37)
0 0 0

instead of expression (26). With Eq. (37) differentiation of the secant stiffness relation in global coordinates
yields [17,27,28]:

6y =T, (¢)(D;, — AD,) T, ()2, (38)
with AD,, now given by
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dy 0 0
AD,,= |vd;; 0 O (39)
0 0 dxn
with
0w 0K E(e,, + vey)
di = — — 5
Gl agrm (1 — (1 — (,O)Vz)
and
Om — O
d —— nn SS
33 2(8nn - 8&:)

The tangential stress—strain relation of the microplane model can be cast in the same formalism as that of
the rotating and the fixed crack models. Indeed, upon linearisation of Eq. (34) we obtain

Gy = Y _wT, (#") (D], — AD)T,(¢")é, (40)
o=1
with D?_ given by Eq. (31) and AD? defined as
dy, 0 0
AD> =0 0 0 (41)
0 0 di
with
. 0w 0Ky .,
i = Ok}, 0¢%, N

where 0x}/0¢?, = 1if f; = 0 and zero otherwise, and

o o
o acOT aKT T,\zx
33 7 o o ns
oK} Oy%,

while 0x%/0y* = 1if fff = 0 and zero otherwise.

4. Softening and energy concepts
4.1. Cohesive-zone models

A most important issue when considering failure of quasi-brittle materials is the observation that they
are not perfectly brittle in the Griffith sense, but display some ductility after reaching the strength limit. In
fact, there exists a small zone in front of the crack tip, in which initiation and coalescence of micro-cracks
take place. If this so-called fracture process zone is sufficiently small compared to the structural dimensions,
linear-elastic fracture mechanics concepts still apply. However, if this is no longer the case, the cohesive
forces that exist in this fracture process zone must be taken into account, and so-called cohesive-zone models
must be utilised. In such models, the degrading mechanisms in front of the crack tip are lumped into a
discrete line, and a stress—displacement (o—u«) diagram over this line represents the softening effects in the
fracture process zone (Fig. 2). Some examples of such stress-separation laws are given in Fig. 3 for a ductile
material and a quasi-brittle material, respectively. Apart from the shape of the stress—displacement relation,
also the area under it is material dependent. This area represents the fracture energy (Gy), i.e. the energy



R. de Borst | Engineering Fracture Mechanics 69 (2002) 95-112 105

cohesive zone

Fig. 2. Schematic representation of a crack tip and a cohesive zone.

ft  — fit
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Fig. 3. Various possibilities for stress—displacement relations in a cohesive zone.

that is needed to create a unit area of fully developed crack. Formally, the definition of the fracture energy
reads:

Gy = / adu (42)

with ¢ and u the stress and the displacement across the fracture process zone. Cohesive-zone models were
introduced around 1960 by Dugdale [8] and Barenblatt [9] for elastic—plastic fracture in ductile metals, and
for quasi-brittle materials Hillerborg [10] published his so-called fictitious crack model for concrete, which
ensured a discretisation-independent energy release upon crack propagation.

Adapting this concept to smeared formulations, Bazant and Oh [11] developed the crack band model, in
which the fracture energy Gy was smeared out over the width of the area in which the crack localises, so that

Gr = / / o de(x) dx (43)

with x the ordinate orthogonal to the crack direction. When we assume that the strains are constant over a
bandwidth w (an assumption commonly made in numerical analyses), we obtain

Gf = wgr (44)
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with gr the work dissipated per unit area of fully damaged material:

ng/Uds (45)

With the assumption of a uniform strain distribution and carrying out the integration of Eq. (45) for a
linear softening diagram, we arrive at the following expression for the strain r, at which the residual
strength is exhausted:

K —@
u ftW

We now consider the case of a one-dimensional bar of length L which is divided into m elements with a
linear displacement interpolation. Since w = L/m, a softening modulus / can be derived as

Lf?

"= G LR (47)

(46)

We observe that this modulus is proportional to the structural size and inversely proportional to the
number of elements. In fact, a model in which the softening modulus was made a function of the element
size has been proposed first by Pietruszczak and Mréz [29].

When we give one element a tensile strength that is marginally below that of the other elements, we can
derive an expression for the average strain in the bar beyond the peak load:
o 2Gi(fi — o)

CTETTLR

(48)
We observe that the number of elements m has disappeared from this expression and inclusion of the
fracture energy Gy has thus made the stress—average strain curve, or equivalently, the load—displacement
curve, insensitive with regard to mesh refinement. Simultaneously, the specimen length L has entered the
expression for the average strain g, so that the brittleness of the structure depends on the value of L, and a
size effect is present in the formulation.

In two and three-dimensional finite element calculations the global load—displacement response does not
become completely insensitive with respect to the discretisation as in the above one-dimensional example.
This is partly due to the fact that it is difficult to estimate the value of the band width w. Especially if the
crack propagates at an angle with the mesh lines, a proper estimate for w can be difficult. Often, it is as-
sumed that the width over which the fracture energy is distributed can be related to the area of an element
Aetem [17,18,30]:

w = o/ Aelem = o

(49)

with y; the weight factors of the integration rule and det J; the Jacobian of the transformation between the
local, isoparametric coordinates and the global coordinate system in integration i. The factor « is a
modification factor which depends on the element type and the integration scheme.

Recently, finite element models with embedded discontinuities have become popular. There are two
versions of these models, namely the strong discontinuity approach [31-33] and the weak discontinuity
approach [34-36]. We will depart from the latter approach and define an element, see Fig. 4, in which a
band is defined within the element where the strains are different in magnitude than the strains in the re-
mainder of the element:
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w

Fig. 4. Embedded discontinuity in a finite element.

n
&y =&+ % (nm; =+ nym;) (50)
and
__ a
8[-]. = 8,j+7(n,m,—|—njml) (51)

with n a vector normal to the band and m related to the deformation mode, e.g., m = n for mode-I be-
haviour and n orthogonal to m for mode-II behaviour. o™ and «~ are scalars indicating the magnitude of
the strain inside and outside of the band, respectively, measured relative to the average, continuous strain g
in the element. The stress—strain relation in the band can now be specified independently from that in the
bulk of the element. Typically, a softening relation is prescribed which results in an energy dissipation per
unit volume gr (Eq. (45)) upon complete loss of material coherence. For a band with a width w, which is
incorporated in the finite element formulation, we thus retrieve the fracture energy that

G = w/ads (52)

that is dissipated for the creation of a unit area of fully developed crack.
A problem resides in the determination of the length of the crack band, /.., in a specific element.
Obviously, for a given length /g, the total energy dissipation in an element reads

ijelem = leleme (53)

If the crack length in an element is estimated incorrectly, the energy that is dissipated in each element is also
wrong, and so will be the total load-displacement diagram [36]. Different possibilities exist, e.g. to relate
leem to the area of the element A in the spirit of Eq. (49) [35]. Other possibilities are to assume that the
enhanced mode passes through the element midpoint [31], and to calculate the band length accordingly, or
to let the band connect at the element boundaries and to compute the band length in this fashion [33].
While the above considerations have been set up for the so-called weak discontinuity approach, in
which the displacement is continuous, it is also possible to let the enhanced strain modes (second part of the
right-hand side of Egs. (50) and (51)) be unbounded. This so-called strong discontinuity approach can be
conceived as a limiting case of the weak discontinuity approach for w — 0. The strain then locally attains
the form of a Dirac function and the displacement becomes discontinuous over a single discrete plane.
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Consistent with the properties of a Dirac function, the integral over time of the product of the stress and the
difference in strain rates at both sides still equals the fracture energy [37].

Although the embedded discontinuity approaches, either in the weak form or in the strong form, def-
initely enhance the deformational capabilities of the elements, so that the strong local strain gradients inside
crack bands are better captured, it is emphasised that the fundamental problem of loss of well-posedness of
the boundary-value problem is not solved in this manner [38].

4.2. Compressive softening

In the literature, the uniaxial compressive stress—strain behaviour can be approximated by different
functions, e.g. [39,40]. However, these relations are usually not energy-based formulations, and thus suffer
from the same excessive dependency on the fineness of the discretisation as when tension-softening models
are utilised which do not incorporate a fracture energy. Feenstra [17,19] has suggested to model the be-
haviour in compression with a compression softening model in which, similar to the crack band model for
tensile loadings, a compressive fracture energy is introduced, G.. For instance, the equivalent stress—
equivalent strain diagram then reads [17,19]

&(1+4&—2ﬁ) if K, < K
3 e  C0l ¢ < Kec

K¢ —Kec 2 :
ﬁ(l_((—)z) if KEC<KC<KUC

Kuc— ’Ccc>

(54)

Ge(Ke) =

with k. an internal damage parameter and f. the compressive strength, see also Fig. 5. The maximum
compressive strength will be reached at an equivalent strain x.. which is independent of the element size w
and reads

4 fe
Kec = g E—,C (55)

with E, the Young’s modulus of the concrete. The quintessence of this compression-equivalent of the crack
band model is that the maximum equivalent strain k. is related to the compressive fracture energy G. and
the element size as follows,

3G,

uc — 56
e = ot (56)

Oc )

fc T GC

w
fe |
3
X > K,
KCC KU.C

Fig. 5. Energy-based equivalent stress—strain diagram for compression.
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Experimental evidence for the assumption that the compressive fracture energy G. can be considered as a
material parameter has been provided by Vonk [41].

5. On reinforced concrete modelling

The tension-stiffening effect is usually understood as the ability to gradually redistribute the load in a
structure from concrete to steel under the formation of primary and secondary cracks. As discussed before,
tension-stiffening models which lump the stiffness increase of the intact concrete between the cracks to the
concrete properties, result in a softening branch. This is potentially confusing, since the tension-softening
models also result in a descending branch in the concrete stress—strain diagram. Obviously, the physical
basis of the latter class of models is totally different. In a transparent approach, Feenstra [17,42] has
suggested to conceive the tension-stiffening effect as the additional stiffness due to the interaction between
concrete and reinforcement in the direction of the reinforcement, and to model the formation of primary
and secondary cracks with the constitutive model of plain concrete in tension, for instance the crack band
model. In the presence of reinforcement the fracture-energy in this model is distributed over a tributary area
by using the crack spacing as formulated in the CEB-FIP model code [40].

In reinforced concrete a number of cracks usually develop during the process of loading until the
cracking process stabilises and no further cracks develop in the structure. The crack spacing at stabilised
cracking is determined mainly by the amount of reinforcement. A rational assumption is that the material
model for plain concrete, e.g., based on fracture energy G; of a single crack, can be applied to reinforced
concrete with the total amount of fracture energy dissipated over the average crack spacing /;. Because the
fracture energy is assumed to be a material parameter, only the average crack spacing /; has to be deter-
mined. Normally, the dimensions of the finite elements, w, in simulations of reinforced concrete structures
are much larger than the average crack spacing /;. Bearing this in mind, it is reasonable to assume that the
released energy in reinforced concrete, Gi°, can be determined by

FC = min {Gf, Gf;—v } (57)
S

The average crack spacing is a function of the bar diameter, the concrete cover and the reinforcement ratio,

and can be estimated according to the CEB-FIP model code [17,40,42].

Following Feenstra [17,42] it is assumed that the behaviour of cracked, reinforced concrete can be
obtained by superposition of the stiffness of plain concrete, a stiffness of the reinforcement and an addi-
tional stiffness due to interaction between concrete and reinforcement. This leads to the following sum-
mation of stress contributions

O':O'c+0's+o-ia (58)

with e, the stress contribution of the plain concrete, 6, the contribution of the reinforcement, and a;, the
interaction stress contribution due to tension-stiffening, Fig. 6 (left).

The constitutive model of the reinforcement is normally assumed to be given by an elasto-plastic model
with a stiffness matrix given by

P EF 0 0
Di=| 0 pEP 0 (59)
0 0 0

in which p, and p, are the reinforcement ratios in the p and g-directions, respectively. £ is the elasto-
plastic modulus of the reinforcement. The shear stiffness of the reinforcing grid is assumed to be equal to
zero. The stress contribution in the global x, y-coordinate system is computed via
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o, reinforcement £
S

tension-stiffening
tension-softening

Fig. 6. Idealised representation of the constitutive model for concrete (left) and adopted tension-stiffening diagram for the interaction
stress (right).

oy = [T (y)DT ()]s (60)
with ¢ the strain vector in the global x, y-coordinate system and T(y) the standard transformation matrix
between two coordinate systems, y being the angle between the x-axis and the main reinforcement p-axis.

After a stabilised crack pattern has developed, stresses are still transferred from reinforcement to con-
crete between the cracks due to the bond action which increases the total stiffness of the structure, Fig. 6
(left). The additional stress due to tension-stiffening is assumed to be given as a function of the strain in the
direction of the reinforcement [43]. The interaction stress is assumed to be given by a trilinear function
according to Cervenka et al. [44], Fig. 6 (right). The interaction stress is only active if the strain in the
reinforcement is larger than g which is determined by

& zgcoszé (61)

(4
with 6 the angle between the direction of the reinforcement and the direction of the principal stress at
incipient cracking. The strain &, is determined by the crack spacing, the equivalent length of the element
and the fracture energy of the concrete and is given by
GrC

en = 2 COS° 5W—}t (62)
The constant part of the diagram can be approximated by the tensile strength of the concrete. The tension-
stiffening component is reduced near the yield strain of the reinforcement &, in order to avoid an artificial
increase of the yield stress of the reinforcement. The strain at which the tension-stiffening component is
reduced is given by

u = &y — Ji (63)
ps,effES
with pg ¢ the effective reinforcement ratio [17,40,42].
The local stiffness matrix that incorporates the interaction stiffness is then given by
E,, 0 0
Di=| 0 Ey, 0 (64)
0 0 0

in which Ey, and Ey, the bond stiffnesses in the p and g-directions of the grid, respectively. The trans-
formation to the global coordinate system again follows from

o = [T" (V) D T()]e (65)
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6. Concluding remarks

In this contribution an overview has been given of some of the more important developments in smeared
finite element analyses of fracture in quasi-brittle materials, with an emphasis on plain and reinforced
concrete. No completeness is claimed, and important issues like time-dependence have been left out.
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